The focus of study in this paper is the class of packing problems. More specifically, it deals with the placement of a set of N circular items of unitary radius inside an object with the aim of minimizing its dimensions. Differently shaped containers are considered, namely circles, squares, rectangles, strips and triangles. By means of the resolution of nonlinear equations systems through the Newton-Raphson method, the herein presented algorithm succeeds in improving the accuracy of previous results attained by continuous optimization approaches up to numerical machine precision. The computer implementation and the data sets are available at
Introduction
Packing problems commonly arise in practical life. Hence, strategies capable of efficiently solving them are of great interest, not only from a purely mathematical but also from an economical standpoint. Some of the techniques available in the published literature consist of reasonably fast discrete heuristics [21, 22] , but which are not guaranteed to converge to global optima. Others employ nonlinear models [5-7, 12-15, 17-20] , which can be solved by nonlinear programming algorithms. Of special relevance to this paper, such iterative methods generate linearly convergent sequences to whose set of accumulation points the looked-for answer is expected to belong.
In particular, in a recently published work [8] , twice differentiable models for both two and three-dimensional packing problems were introduced and further solved with the aid of Algencan [1] [2] [3] [4] , a modern Augmented Lagrangian routine for optimization of smooth minimization problems with general constraints. Although feasible answers were obtained for all discussed cases, they were of poor precision in comparison to the known optimal results [16] . Motivated by these achievements, this study aspired to develop a method of quadratic convergence rate that would improve their accuracy and hopefully also provide optimal solutions not yet reported in the literature. This paper is organized as follows. In Section 2 the problem is formally stated and the proposed approach is fully described. Section 3 details the most significant challenges faced in its implementation. In Section 4 the numerical experiments are delivered. Finally, Section 5 concludes the paper.
Nonlinear model and suggested approach
The problem at hand is that of packing a set of N identical circles of radius r = 1 (hereinafter called items) in a fixed-shaped figure (denominated object) while minimizing the latter's dimensions. Throughout this work, several geometric forms were treated, namely circles, squares, rectangles, triangles and strips, defined as a rectangle that has got one of its dimensions fixed.
In order for a setup to be accepted as valid, all items must obviously not overlap or violate the object's boundaries. Being solely dependent upon items' positions, the non-overlapping condition can be expressed, irrespective of the object's form, as:
(c ) and r i denote the i-th item's centre and radius, respectively, for 1 ≤ i ≤ N. On the other hand, both the objective function and the non-boundaries-violation constraints vary according to the object and therefore must be individually studied.
Circular object Without loss of generality, assume the object's centre C to be located at the coordinate system's origin and let R represent its radius. It may be readily seen that all items will be completely contained within the object's boundaries if and only if the inequality R ≥ r i + (c minimize R subject to (c
2) non-overlapping constraints (2.1) Squared object Under the assumption that the coordinate system's origin coincides with the lower left-hand vertex of the square, the nonlinear model results naturally:
Strip object Indicating by W the variable width of an strip with fixed height L and asserting as true the same assumption concerning the system's origin, one can derive the model below:
Rectangular object Based on whether the objective function is intended to minimize the rectangle's perimeter or its area, two different and equally interesting models may be formulated:
Triangular object For the (equilateral) triangle of side length L, the coordinate system's origin is taken as the base's midpoint:
The explicit resolution of problems (2.2) through (2.6) by utilizing an Augmented Lagrangian nonlinear solver was the technique attempted in [8] . Two main concerns were raised by the paper authors: (i) the quadratic relation between the number of items and the number of constraints, which makes their evaluation a costly task, and (ii) the difficulty of achieving high precision results with the employed routine.
The central idea of this study stems from the observation that in an optimal configuration (i.e. one that realizes the global minimum of the above stated optimization problems) a number of items are placed in contact with each other and with the object's boundaries (see Figure 1) , making active the matching constraints. Consequently, if those contacts were known a priori, an overdetermined system of nonlinear equations could then be constructed, to whose solution set an optimal arrangement must belong. Moreover, it will be shown that the number of such equations is linear with respect to the number of items (in contrast to the quadratic number of constraints in the nonlinear optimization models).
Figure 1: Optimal setup of 5 items in a circle
More formally, let Φ and Ψ designate the supposedly known sets of contacts, in an optimal solution, of items with the object and with other items, respectively. i ∈ Φ ⇐⇒ item i makes contact with object, (i, j) ∈ Ψ ⇐⇒ item i makes contact with item j.
Besides, allow G to be the undirected graph whose vertices are the items' centres and such that two vertices are adjacent if and only if the corresponding items are in contact. Note that, since G is planar (i.e. it can be drawn on the plane in such a way that its edges intersect only at their endpoints; see Figure 1 ), it holds true that |Ψ| = O(N) (see, for example, [9] ). (The same conclusion stems from the fact that each circular item cannot touch more than six others, so that 6N serves as an upper bound on the number of such contacts.) Likewise, |Φ| ≤ N. Now, consider a nonlinear system F : To each (i, j) ∈ Ψ corresponds an active constraint (c
This translates into the addition of the following equation to the system F :
Clearly, the equation f φ i (·) that shall be included in F for each i ∈ Φ depends on the form of the object. In the circular case, for instance, to each i ∈ Φ corresponds an active constraint R = r i + (c
The analogous procedure for differently shaped containers, being trivially deducible from the appropriate nonlinear problem, will be omitted herein for the sake of brevity. It should be noted, however, that while overdetermined (as a rule, m ≫ n), the system deduced above will be compatible as long as the contacts are assumed to be known in advance. That is because many of the equations it comprises are redundant. This observation is One critical question that arises from this strategy is how the information about the contacts made in an optimal solution could be learned. It occurs that, by way of a straightforward analysis of the poor-precision answers found by [8] , such knowledge may be acquired to a high degree of confidence. For that purpose, it must be adopted a value ε ∈ R + amounting to the minimum distance between the border of two items that should not be regarded as adjacent and the inequality below has to be tested for all i, j satisfying 1 ≤ i < j ≤ N: 9) where the values of c i and c j are taken from the output of [8] . If it holds, then the related equation f ψ ij is incorporated into the nonlinear system F . Similarly, the equations f φ i are originated by an analogous mechanism conducted for the detection of contacts between each item and the object.
Bear in mind that the value of ε is crucial to the success of the method and cannot be dissociated from the quality of the answers given by Algencan. In such configuration, three are the possibilities for each pair of items: (i) they overlap, (ii) they do not overlap and are far away from each other, or (iii) they do not overlap but are very close to each other. Hence, considering a poor-precision result acquired via the resolution of the corresponding nonlinear model (2.2)-(2.6), contacts between pairs of items will be forced in cases (i) and (iii). In order to distinguish between cases (ii) and (iii), ε plays a vital role.
Let ω be the maximum overlapping between any pair of items in a solution to the NLP model. If ω is such that it were considered a "reasonable" overlapping for the underlying packing problem by the employed solver, then it is safe to assume that any pair of items that do not overlap but whose borders are at a distance less than ω may be in contact. In this manner, ω is a satisfactory initial candidate for ε.
Starting from this knowledge, as a large number of optimal solutions for packing problems within circles and squares had already been made publicly available, the value of ε was empirically adjusted around ω in a way that would correctly identify the contacts in those instances.
Once this task has been accomplished, a root of F is looked for utilizing the NewtonRaphson method. The rationale behind this choice is the expectation that, if initially fed with a guess x (0) sufficiently close to the true solution x * , the algorithm will produce a sequence {x (k) } quadratically convergent to x * (see, for example, [10] ). The equations that describe the iterative process are:
where J F is the Jacobian matrix of F . We consider two different ways of solving the overdetermined (albeit compatible, as long as all contacts have been detected correctly) linear system (2.10):
QR decomposition of the Jacobian matrix Due to the absolute lack of information on the rank of J F (x (k) ), a variant of the QR method, the QR decomposition with column pivoting [11] , is calculated. Thanks to its highly desirable numerical stability characteristics when J F (x (k) ) is not well conditioned, this is the strategy of choice in the algorithm developed.
Cholesky's method applied to the normal equations In spite of its inferior numerical properties, the normal equations approach has been more successful in computing x
whenever J F (x (k) ) is found to be rank deficient. Such phenomenon may be justified by the realization that, in this situation, there are infinitely many solutions to (2.10), among which only one interest us -the one that minimizes the object's dimensions.
For that reason, a sensible approach is to solve the least squares problem, with the new linear system becoming:
is both symmetric and positive semidefinite. More importantly, it is singular, seeing that rank(M) = rank(J F (x (k) )) and also that this path is used only when rank(J F (x (k) )) < n. For that reason, to solve the linear system (2.11), the Modified Cholesky decomposition [10] is preferred, which actually factorizes a slight perturbation of the matrix J
The vector d easily follows by forward and back substitution.
After each iteration, Newton's method is checked for convergence, which is characterized by the verification of x (k+1) = x (k) and constitutes the main stopping criterion. Still, if the initial value x (0) is too far from the true zero, the method might fail to converge, and a cap on the number of iterates is made necessary as a secondary stopping criterion.
Implementation aspects
In this section the most important practical implementation details are discussed.
System indetermination
Contrary to the logical intuition that the constructed nonlinear system would be typically overdetermined, its indetermination was of one the earliest challenges that had to be coped with. A plausible explanation is the fact that, even on an optimal configuration, there can be items taking part in less than two contacts, thus contributing with the addition of more variables than equations to the system (causing it to become undetermined). Those which exhibit such attribute are named loose items (see Figure 3(a) ).
As a means to overcome this obstacle, a preprocessing routine detects and temporarily removes all loose items from the set to be packed. The proposed technique is then ordinarily carried out for the remaining items and only when their optimal placement is determined (see Figure 3 (b)) are the "rattlers" reintroduced into the problem.
Such job may be thought of as a further optimization problem, just with a largely decreased number of variables (proportional to the number of loose items). Let L ⊆ {1, . . . , N} be the set of indices of loose items and l its cardinality. The variables of the aforementioned optimization problem are the centre c i ∈ R 2 and the radius r i ∈ R for all i ∈ L. The underneath model therefore follows:
3) corresponding non-violation constraints (see Section 2) By solving it with Algencan, two are the possible outcomes: either an optimal packing of the original set is found (see Figure 4) or, should the reincorporation of the once withdrawn items fail, it can be concluded that the contacts have been erroneously detected in the first place and that the method must be re-executed with a more properly estimated ε parameter. If the optimal value D * obtained is such that D * ≥ r, then all loose items have been fit into the object. It should also be noted that whenever D * > r, their radius is taken as being equal to r and, as a result, they will be centrally placed in the room available. 
Loss of convergence
It has been verified that, for circular objects, there usually exists a neighbourhood of arbitrarily close optimal solutions, derived from the mere rotation of the whole set of items in the interior of the object (see Figure 5 ). Since it severely impairs the convergence of Newton's method, such ill behaviour had to be avoided by selecting one of the items to have one of its centre's coordinates unchanged by the algorithm. Unfortunately, though, none of the heuristics assessed for the selection of that item showed themselves to be consistently satisfactory. Because of that, each of the n − l non-loose items is successively iterated to assume this role and the best solution gets saved.
Post-optimization overlapping and violation elimination
In order to guarantee that the given answers are eligible for comparison to the best ever published [16] , it is mandatory to first eliminate any overlapping or violations that might remain. In other words, it should be guaranteed that the arrangements associated with them are correct under the analytical rigour. The accomplishment of this requirement is achieved by subjecting the solution to the nonlinear system of equations given by Newton's method to scaling.
Taking the items in pairs, the distance between their centres is evaluated. Let δ be the minimum of all such values. If δ ≥ 2r, then there are no overlapping constraints being disobeyed and no adjustments to be made. On the other hand, if δ < 2r, then the items must be spread out so that δ ≥ 2r holds. A new placement such that d(c 
for each item i. In fact, since it holds true that d(c i , c j ) ≥ δ for every i = j, it easily follows that
which is the intended result.
As for the eventual violation of the object's boundaries, there is no option other than enlarging the object's dimensions until all items are entirely contained within its boundaries. For the circular case, for instance, it suffices to make
After those post-optimization corrections have been made, it is safe to assert that a solution with the maximum machine precision has been found. It finally turns out practicable to draw all the desired comparisons, which are the subject of the next section.
To end this section, Algorithm 1 provides an overview of the methods introduced for the circular case. Run Algencan with its default parameters to solve the nonlinear model (2.2) with feasibility and optimality tolerances equal to 10 −4 and consider its answer (x nlp , R nlp ) as an initial guess for Newton's method.
Algorithm 1 Pseudocode for the circular case

4:
Temporarily remove all loose items, as detailed in Subsection 3.1, and redefine (x nlp , R nlp ) accordingly.
5:
Detect all contacts between items and with the object, as explained in Section 2, and construct an appropriate system of nonlinear equations F . 6:R ← +∞ 7:
for all non-loose items i do 8:
Remove variable c
) and replace it in F with its value from (x nlp , R nlp ). 10:
Solve the Newtonian system (2.10) for F and obtain (
Break Remark. The most noteworthy difference between Algorithm 1 and the method developed for differently shaped containers is the absence of lines 6, 7, 18 and 19 in the latter variant, since there is no neighbourhood of arbitrarily close optimal solutions to be tackled in the first place.
Numerical results
All tests were conducted on a 2.4GHz Intel Core 2 Quad with 4GB of RAM memory and running GNU/Linux operating system. The code, fully written in Fortran 77, was compiled by the G77 Fortran compiler of GCC with the -O3 optimization directive enabled. The values of T and K that yielded the results presented later in this section are 5h and 1000, respectively. We solved instances with the number of items varying from 1 to 50. Tables 1 and 2 show the resulting values for the circular object's radius and the squared object's side, respectively, and their confrontation with the best ever reported [16] . Their first column holds the number of items; the second, the solution found by the developed method; the third, the reference values from [16] ; the fourth, the difference between them; the fifth, the elapsed CPU time (in seconds).
It should be noticed that the answers obtained coincide with the values of reference. More precisely, in 48 of the cases of packing in a circle and in 44 of those of packing in a square, the results matched to all decimal places, i.e. up to the machine precision, with an absolute error of less than 10 −16 for circles and 10 −12 for squares (the difference being due to the number of digits in the data sets available in [16] ). In the other 8 instances where maximal precision has not been achieved, the absolute error is always of the order of 10 −6 . Tables 3 and 4 present unpublished results for the packing problems of minimizing the area and the perimeter of an enclosing rectangle, while Table 5 exhibits unprecedented solutions for the area minimization of triangular and strip objects. Lastly, Figure 6 illustrates a few selected solutions.
Concluding remarks
This study addressed itself to the problem of packing unitary radius circles within differently shaped containers with the aim of minimizing its dimensions. The approach developed builds upon approximate solutions provided by continuous optimization techniques formerly developed. By pursuing the zero of a nonlinear equations system properly deduced from the contacts established in a candidate solution, refinement of those approximate results up to the machine precision were made possible.
For all studied problems, feasible solutions comparable to the best results already known were achieved. However, the treatment of packing problems in triangles, rectangles and strips, whose answers had not been published in the literature before, can be regarded as an even more remarkable contribution.
The Fortran 77 source code of the routines implemented during this work and a complete description of all solutions, each of which being composed of its items' positions and a graphical representation of the contacts they make, are available at http: //www.ime.usp.br/~egbirgin/packing/, as well as the best results given by them. 
